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This is Banach’s fixed-point theorem—the following is an expansion and
rearrangement of Sutherland’s proof of such [1].

Let ⟨xn⟩ be a sequence such that x1 ∈ S is an arbitrary element, and
xn = f(xn−1) for n ∈ N+ such that n > 1. We first establish that ⟨xn⟩
converges to some p ∈ S.

Lemma 1. For m,n ∈ N+ such that m > n, we have

d(xm, xn) ≤
m−1∑
j=n

d(xj+1, xj)

Proof. Fix n ∈ N+. For ℓ ∈ N+, let P (ℓ) be the proposition

d(xn+ℓ, xn) ≤
n+ℓ−1∑
j=n

d(xj+1, xj)

We proceed inductively.

Base Case Let ℓ = 1. Then,

d(xn+1, xn) =

n∑
j=n

d(xj+1, xj)

Hence, we have that P (1) holds.
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Inductive Step Suppose there exists k ∈ N+ such that

d(xn+k, xn) ≤
n+k−1∑
j=n

d(xj+1, xj)

Then,

d(xn+k+1, xn) ≤ d(xn+k+1, xn+k) + d(xn+k, xn)

≤ d(xn+k+1, xn+k) +

n+k−1∑
j=n

d(xj+1, xj)

=

n+k∑
j=n

d(xj+1, xj)

Hence, we have that P (k) implies P (k + 1).

By the principle of mathematical induction, it’s clear that P (ℓ) holds for
all ℓ ∈ N+; further, since n was arbitrary, by universal introduction1, the
inequality holds for all n ∈ N+ as well.

We arrive at the formulation in the lemma by substituting m for n+ ℓ.

1See [2], [3, Section 10.2], and [4, Section 3].
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Lemma 2. For n ∈ N+ such that n > 1, we have

d(xn+1, xn) ≤ µn−1d(x2, x1)

Proof. For n ∈ N+ such that n > 1, let P (n) be the proposition

d(xn+1, xn) ≤ µn−1d(x2, x1)

We proceed inductively.

Base Case Let n = 2. Then,

d(x3, x2) = d(f(x2), f(x1)) ≤ µd(x2, x1) = µ2−1 d(x2, x1)

Hence, we have that P (2) holds.

Inductive Step Suppose there exists k ∈ N+, k > 1, such that

d(xk+1, xk) ≤ µk−1 d(x2, x1)

Then,

d(xk+2, xk+1) = d(f(xk+1), f(xk))

≤ µd(xk+1, xk)

≤ µ[µk−1 d(x2, x1)]

= µk d(x2, x1)
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Hence, we have that P (k) implies P (k + 1).

By the principle of mathematical induction, it’s clear that P (n) holds for
all n ∈ N+ such that n > 1.

Let m,n ∈ N+ such that m > n. Using Lemma 1, Lemma 2, and the
closed-form formula for the sum of a geometric series, see that

d(xm, xn) ≤
m−1∑
j=n

d(xj+1, xj)

≤
m−1∑
j=n

µj−1 d(x2, x1)

=

(
m−1∑
j=n

µn−1µj−n

)
d(x2, x1)

= µn−1

(
m−n−1∑

q=0

µq

)
d(x2, x1)

= µn−1

(
1− µm−n

1− µ

)
d(x2, x1)

<
µn−1

1− µ
d(x2, x1)
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Note that 0 ≤ µ < 1 means µn−1

1−µ
d(x2, x1) is a geometric sequence which

converges to 0 as n approaches infinity. I.e., there exists N ∈ N+ such

that for all ϵ ∈ R+, if n > N then µn−1

1−µ
d(x2, x1) < ϵ. Take said N . Given

ϵ ∈ R+, we can choose m,n ∈ N+ such that m > n and n > N , yielding

d(xm, xn) <
µn−1

1− µ
d(x2, x1) < ϵ

Hence, ⟨xn⟩ is Cauchy.

Since (S, d) is complete and ⟨xn⟩ is Cauchy, we have that ⟨xn⟩ converges
to some p ∈ S.

As a penultimate result, see that f is uniformly continuous; for if we’re
given ϵ ∈ R+, we can simply set δ = ϵ

µ
. Take a, b ∈ S. Then,

d(a, b) < δ =⇒ d(f(a), f(b)) ≤ µd(a, b) < µ

(
ϵ

µ

)
= ϵ

Synthesizing ⟨xn⟩’s converging to some p ∈ S with f ’s being uniformly
continuous, we have

f(p) = f( lim
n→∞

xn) = lim
n→∞

f(xn) = lim
n→∞

xn+1 = p

Thus, there exists p ∈ S such that f(p) = p.
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